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DERIVATIONS OF GROUP RINGS
OREST D. ARTEMOVYCH, VICTOR A. BOVDI, MOHAMED A. SALIM
Abstract. Let R[G] be the group ring of a group G over an associative ring R with unity such
that all prime divisors of orders of elements of G are invertible in R. If R is finite and G is a
Chernikov (torsion FC-) group, then each R-derivation of R[G] is inner. Similar results also are
obtained for other classes of groups G and rings R.
Dedicated to the memory of Professor V.I. Sushchansky
1. Introduction
Let B be an associative ring not necessarily with unity 1. An additive map δ : B → B is called
a derivation of B if
(1) δ(ab) = δ(a)b+ aδ(b) (a, b ∈ B).
The set DerB of all derivations of B is a Lie ring with respect to a point-wise addition and a
point-wise Lie multiplication of derivations. The zero map 0 : B ∋ r 7→ 0 ∈ B is a derivation of
B. A ring B having only zero derivation (i.e., DerB = 0) is called differentially trivial (see [5]).
The rule
∂a : B ∋ x 7→ ax− xa ∈ B
determines a derivation ∂a of B (so-called an inner derivation of B induced by a ∈ B). If δ ∈ DerB
is not inner, then it is called outer. The set IDerB := {∂a | a ∈ B} of all inner derivations of B is
an ideal of the derivation ring DerB (see [27]).
Throughout the paper p is a prime, Z the ring of integers and N the set of positive integers.
If X, Y ⊆ B, then a subgroup of the additive group B+ generated by the Lie commutators
[g, h] = gh − hg, where g ∈ X and h ∈ Y , is denoted by [X, Y ]. The commutator ideal C(B) is
an ideal of B generated by the set [B,B]. Furthermore, annK = {r ∈ B | rK = Kr = 0} is the
annihilator of K in B, F (B) = {a ∈ B | a is of finite index in B+} is the torsion part of B, P(B)
is the prime radical of B, i.e., the intersection of all prime ideals of B, and Q(B) is the classical
quotient ring of B (see e.g. [38, Chapters 2 and 5]).
In the next R is an associative ring with unity 1, G a multiplicative group and RZ is a direct
sum of cardZ copies of R. The torsion part of a group G we denote by τG and the set of primes
that divide orders of elements of τG by pi(G), respectively. Let ∆+(G) be the set of all elements
g ∈ G of finite orders such that |G : CG(x)| < ∞. The center of a group (respectively a ring) X
we denote by Z(X).
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Let R[G] be the group algebra of a group G over a ring R. The group of units U(R[G]) of the
group algebra R[G] can be written as U(R[G]) = U(R) × V (R[G]), where U(R) is the group of
units of the ring R and
V (R[G]) :=
{ ∑
g∈G
αgg ∈ U(R[G]) |
∑
g∈G
αg = 1
}
is the subgroup of the normalized units of R[G]. It follows that
(2) [U(R), V (R[G])] = 0.
Finally, any unexplained terminology is standard as in [14, 22, 24, 43].
If δ(R) = 0, then a derivation δ of a group ring R[G] is called an R-derivation of R[G]. The set
DerRR[G] of all R-derivations of R[G] is a subring of the Lie ring DerR[G].
Smith (see [44]) was first who started to study the derivations in group rings. For instance, she
showed that in group rings of torsion-free nilpotent groups always there exists an outer derivation.
In certain papers (see [21, 44, 45]) the properties of group rings R[G] such that its every derivation
is inner were studied. In [21] it was proved that R-derivations of a group ring R[G] of a center-
by-finite group G over a semiprime ring R, where charR = 0 or every prime charR /∈ pi(G),
are inner. In [16] Burkov proved that every K-derivation θ of a group ring K[G], where K is a
commutative ring, G is a torsion group and the order of each element of G is invertible in R, is
generalized inner (i.e., there exists a ∈ (K[G])∗ such that θ(x) = xa−ax for each x ∈ K[G], where
(K[G])∗ is a (K[G], K[G])-bimodule of all functions from G in K). Derivations of certain rings
were investigated in [2, 3, 6, 7, 8, 9, 10, 31, 32, 33, 34, 35, 36, 37, 42, 45, 48].
Our main results are the following
Theorem 1. Let R be a finite ring. If G is a Chernikov group such that pi(G)∩ pi(R+) = ∅, then
every R-derivation of R[G] is inner.
Theorem 2. Let R be a ring. If G is a torsion abelian group such that all primes p ∈ pi(G) are
invertible in R, then DerRR[G] = 0.
Theorem 3. Let R be a finite ring, G a countable locally finite group such that every prime
p ∈ pi(G) is invertible in R. If G has a finite subgroup H with the finite centralizer CR[G](H), then
every R-derivation of R[G] is inner.
Also if R is finite and G is a torsion FC-group, then every R-derivation of R[G] is inner (see
Corollary 4).
Recall that a ring B is prime if, for any ideals X, Y of B, we have XY = 0 implies that X = 0
or Y = 0. A ring B without nonzero nilpotent ideals is called semiprime.
In [29] Kaplansky has conjectured that the group algebra F[G] of a torsion-free group G over a
field F has no nontrivial idempotents. We prove the following.
Theorem 4. If R is a prime ring of characteristic 6= 2, 3 with the non-central unit group U(R)
and G a group such that ∆+(G) = 1, then the following conditions hold:
(i) if G is non-abelian, then R[G] has only trivial idempotents;
(ii) if every prime p ∈ pi(G) is invertible in R and R[G] has a non-trivial idempotent, then G
is abelian, δ(τG) = 0 for each δ ∈ DerR[G] (and so IDerRR[G] = 0).
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A Lie ring D is called nilpotent if γn+1D = 0 for some n ∈ N, where
γ1D := D, . . . , γk+1D := [γkD,D], . . . (k ∈ N).
The least such n is the class of nilpotency of D. If n ∈ N and x1, . . . , xn, x, y ∈ B, then the left
normed commutators are defined inductively:
• [x, y] := [x,1 y] := xy − yx;
• [x,n+1 y] := [[x,n y], y];
• [x1, . . . , xn−1, xn] := [[x1, . . . , xn−1], xn].
The lower central chain of B is
B = γ1B ⊇ γ2B ⊇ · · · ⊇ γnB ⊇ · · · ,
where γn+1B := [γnB,B] for integers n ≥ 1. If γn+1B = 0 and γnB 6= 0 for some n ∈ N, then B is
called Lie nilpotent of class n. Each associative ring B can be considered as a Lie ring BL under
operations “[−,−]” and “+”, which is called the associated Lie ring of B. It is easy to see that an
associative ring B is Lie nilpotent if and only if the associated Lie ring BL is nilpotent.
A Lie ring D is called solvable if D(n+1) = 0 for some n ∈ N, where D(1) := D, D(n+1) :=
[D(n), D(n)]. The least such n is the derived length of D. The derived chain of B is given by
B = B(0) ⊇ B(1) ⊇ · · · ⊇ B(n) ⊇ · · · ,
where B(n) := [B(n−1), B(n−1)], n ≥ 1. An associative ring B is Lie solvable of length n if B(n) = 0,
n least. An associative ring B is Lie solvable if and only if the associated Lie ring BL is solvable.
Theorem 5. Let B be a semiprime ring. The Lie ring DerB is nilpotent (respectively solvable) if
and only if DerB = 0, i.e., B is differentially trivial.
As an immediate consequence of the previous result we obtain the following.
Theorem 6. Let F be a division ring of characteristic p ≥ 0, G a group. If each prime q ∈
pi(G) is invertible in F, then DerF[G] is a nilpotent (respectively solvable) Lie ring if and only if
DerF[G] = 0.
The set of all sequences {Dn ∈ DerR}n∈Z such that Dn(a) = 0 for every a ∈ R and almost all
n ∈ Z we denote by LF (R). Evidently, LF (R) is a Lie ring with respect to an addition “+” and
the Lie multiplication “[−,−]” defined by the rules:
{Dn}n∈Z + {Kn}n∈Z = {Dn +Kn}n∈Z; [{Dn}n∈Z, {Kn}n∈Z] = {[Dn, Kn]}n∈Z,
where {Dn}n∈Z, {Kn}n∈Z ∈ LF (R). As in [7, 17], the family LF (R) is called locally finite. The
next result is analogously with [7, Theorem 2].
Theorem 7. Let R be a ring. If G is a countable torsion-free abelian group, then the following
conditions hold:
(i) DerR[G] ∼= LF (R)⊕ (Z(R[G]))Z as Lie rings;
(ii) each nonzero R-derivation of R[G] is outer.
In section 4 we prove that the behavior of the R-derivations of a group ring R[G] of a nilpo-
tent group G with some restriction is very similar to the nilpotency property of derivations (see
Proposition 5).
4 Artemovych, Bovdi, Salim
2. Solders and central derivations
If H ≤ G, then IR(H) is a right ideal of R[G] generated by the set {1 − h | h ∈ H}. If H is
normal in G, then IR(H) is an ideal of R[G] and we have a ring isomorphism
R[G]/IR(H) ∼= R[G/H ]
[14, Proposition 1, p. 17]. Therefore, we have some Lie ring isomorphism
Der(R[G]/IR(H)) = DerR[G/H ].
A ring R is called n-torsion-free (n ∈ N) if the implication nx = 0 ⇒ x = 0 is true for each
x ∈ R.
Lemma 1. Let R be a ring. The following conditions hold:
(i) if U is a subsemigroup of the multiplicative semigroup (R, ·) of R and h : U → R+ is a
semigroup homomorphism, then δh : U ∋ u 7→ uh(u) ∈ R
+ satisfies the Leibniz rule (see
Eq. (1)) if and only if u[R, h(u)] = 0 for each u ∈ U ;
(ii) if h : (R, ·)→ R+ is a semigroup homomorphism, then we have:
(a) h(1) = 0 = h(0) and 2h(−1) = 0;
(b) if R is 2-torsion-free, then h(a) = h(−a) for each a ∈ R;
(iii) if U is a subgroup of the unit group U(R) and δ ∈ DerR, then
Lδ : U ∋ a 7→ a
−1δ(a) ∈ R+
is a group homomorphism if and only if [a−1δ(a), U ] = 0 for each a ∈ U .
Proof. Let a, b ∈ U . (i) It is easy to see that
ah(a)b + abh(b) = δh(a)b+ aδh(b) = δh(ab) = abh(ab) = abh(a) + abh(b)
if and only if a(h(a)b− bh(a)) = 0, so the proof is done.
(ii) Let h : (R, ·)→ R+ be a semigroup homomorphism.
(a) Clearly, h(1) = h(12) = h(1) + h(1) and h(0) = h(02) = h(0) + h(0), so h(1) = 0 = h(0).
Furthermore, 0 = h(1) = h((−1) · (−1)) = h(−1) + h(−1).
(b) Since h(−1) = 0, we get that h(−a) = h((−1)a) = h(−1) + h(a) = h(a) for each a ∈ R.
(iii) It is easy to check that
Lδ(a) + Lδ(b) = Lδ(ab) = (ab)
−1δ(ab) = b−1a−1aδ(b) + b−1a−1δ(a)b
= b−1δ(b) + b−1ba−1δ(a) + b−1[a−1δ(a), b]
= Lδ(a) + Lδ(b) + b
−1[a−1δ(a), b]
if and only if b−1[a−1δ(a), b] = 0. Thus [a−1δ(a), U ] = 0. 
A map h : R→ R is called a solder of R (see Nowicki [39], p. 46) if:
(i) (a+ b)h(a + b) = ah(a) + bh(b) (a, b ∈ R);
(ii) h(ab) = h(a) + h(b) (a, b ∈ R \ {0}).
Lemma 2. Let h be a solder of a ring R. The following conditions hold:
(i) h(xy) = h(yx) for each x, y ∈ R;
Derivations of group rings 5
(ii) the rule δh : R ∋ x 7→ xh(x) ∈ R determines a derivation δh ∈ DerR if and only if
x[h(x), R] = 0 for each x ∈ R;
(iii) if R is a prime ring, then δh ∈ DerR if and only if h(R) ⊆ Z(R) (such solder is called
central);
(iv) if R is 2-torsion-free, then h(2) = 0;
(v) if e2 = e ∈ R, then h(e) = 0;
(vi) if xy = 1 for some x, y ∈ R, then h(x) = −h(y); in particular, if x2 = 1, then 2h(x) = 0.
Proof. (i) Since h(0) = 0 and δh(xy) = xyh(x) + xyh(y) for each x, y ∈ R, the result follows.
(ii) It follows from Lemma 1(i) because δh is additive.
(iii) If x, y ∈ R, then δh is a derivation R if and only if
xy[h(x), R] = xy[h(x), R] + xy[h(y), R] = xy[h(xy), R] = 0
by the part (ii). Thus xR[h(x), R] = 0 and so [h(x), R] = 0 by the primeness of R.
(iv) Obviously, 0 = 1 · h(1) + 1 · h(1) = (1 + 1)h(1 + 1) = 2h(2), therefore h(2) = 0.
(v) In as much as h(e) = h(e2) = h(e) + h(e), we have that h(e) = 0.
(vi) Evidently, 0 = h(1) = h(xy) = h(x) + h(y), so h(x) = −h(y). 
The subgroup of a group G generated by the set {gn | g ∈ G} we denote by Gn. The exponent
of a torsion group G is the following number exp(G) = min{n ∈ N | xn = 1, ∀x ∈ G}.
Proposition 1. Let R be a ring, G a group and n ∈ N. The following conditions hold:
(i) ZDerR := {δ ∈ DerR | δ(R) ⊆ Z(R)} is an ideal of the Lie ring DerR;
(ii) if δ ∈ ZDerR, then δ([R,R]) = 0;
(iii) if R is n-torsion-free and the exponent exp(G) = n, then δ(G) = 0 for each δ ∈ ZDerR[G];
(iv) if nR = 0 and G is an abelian torsion-free group, then δ(Gn) = 0 for each δ ∈ ZDerR[G].
Proof. Let δ ∈ ZDerR[G] and d ∈ DerR.
(i) Indeed, [δ, d](r) = δ(d(r))− d(δ(r)) ∈ Z(R) for any r ∈ R and the result holds.
(ii) It follows in view of the part (i).
(iii) The map Lδ : 〈g〉 → R[G]
+ is a group homomorphism for any δ ∈ ZDerR[G] and g ∈ G by
Lemma 1(iii). Using facts that gn = 1 for g ∈ G and
(3) g−nδ(gn) = Lδ(g
n) = nLδ(g),
we deduce that Lδ(g) = 0, so δ(g) = 0.
(iv) In as much as δ(G) ⊆ ZDerR[G], the map Lδ : G → R
+ is a group homomorphism by
Lemma 1(iii). Hence Eqs. (3) hold for any g ∈ G and n ∈ N. Since nLδ(g) = 0, we deduce that
δ(gn) = 0. 
A derivation δ ∈ DerR is called central if δ(R) ⊆ Z(R) (see [49]). The set of all central
R-derivations of R[G] we denote by ZDerRR[G]. It is easy to check that
ZDerRR[G] = (ZDerR[G]) ∩ (DerRR[G]).
Clearly, Z(G) ≤ Z(R[G]), Z(R)[Z(G)] ⊆ Z(Z(R)[G]) ⊆ Z(R[G]) and d(Z(R)) ⊆ Z(R) for any
d ∈ DerR.
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Proposition 2. Let R be a ring and let G be a group. The following conditions hold:
(i) if δ ∈ DerRR[G], then δ(g) ∈ Z(R)[G] for any g ∈ G;
(ii) ZDerRR[G] is an ideal of the Lie ring DerRR[G];
(iii) if G is a torsion group such that pi(F (R))∩pi(G) = ∅ (respectively G is an abelian divisible
torsion-free group and nR = 0 for some n ∈ N), then ZDerRR[G] = 0;
(iv) if pi(F (R)) ∩ pi(G) = ∅, then δ(τG) = 0 for any δ ∈ ZDerRR[G];
(v) if G is a torsion group and pi(F (R))∩pi(G) = ∅, then DerRR[G] = 0 if and only if δ(G) = 0
for any δ ∈ DerR[G].
Proof. (i) Obviously, because δ(g)r = δ(gr) = δ(rg) = rδ(g) for any g ∈ G and r ∈ R.
(ii) If δ ∈ DerRR[G] and µ ∈ ZDerRR[G], then
[δ, µ](x) = δ(µ(x))− µ(δ(x)) ∈ Z(R[G]) and [δ, µ](r) = 0
for any x ∈ R[G] and r ∈ R. Hence [δ, µ] ∈ ZDerRR[G].
(iii) Suppose that δ ∈ ZDerRR[G] and g ∈ G.
a) If G is torsion and n = |g|, then
(4) 0 = δ(1) = δ(gn) = ngn−1δ(g),
this gives that δ(g) = 0, so δ = 0.
b) Assume that G is abelian divisible torsion-free and nR = 0. Then nLδ(g) = 0 and Eqs. (3)
imply that δ(gn) = 0 and thus δ = 0.
(iv) If g ∈ τG and |g| = n, then δ(g) = 0 by Eqs. (4).
(v) (⇒) If DerRR[G] = 0, then ∂g = 0 for any g ∈ G and so G ⊆ Z(R[G]). Hence δ(G) ⊆
Z(R[G]) for any δ ∈ DerR[G]. Since gn = 1 for some n ∈ N and Lδ : 〈g〉 → R[G]
+ is a group
homomorphism by Lemma 1(iii), we have that Eqs. (3) imply that nLδ(g) = 0. Hence Lδ(g) = 0,
because pi(F (R)) ∩ pi(G) = ∅. Therefore δ(g) = 0, what gives δ(G) = 0.
(⇐) Obviously. 
Proof of Theorem 2. Let δ ∈ DerRR[G]. Then δ(g) ∈ Z(R)[G] ⊆ Z(R[G]) for any g ∈ G by
Proposition 2(i). In as much as R is |g|-torsion-free, we conclude that δ(g) = 0 be the same
argument as in the proof of Proposition 1(iii). Hence δ(G) = 0 and consequently δ = 0. 
Since DerR[G] = DerRR[G] in a differentially trivial ring R, Theorem 2 implies the following.
Corollary 1. Let R be a differentially trivial ring. If G is a torsion abelian group such that each
prime p ∈ pi(G) is invertible in R, then DerR[G] = 0.
3. Locally inner derivations
A derivation δ ∈ DerR[G] is called locally inner (see [26, 30]) if, for every finite subset F ⊆ R[G],
there exists an inner derivation ∂x ∈ IDerR[G] (depending on δ and F ) such that
δ|F = (∂x)|F .
The set LDerR[G] of all locally inner derivations of R[G] is an ideal of the Lie ring DerR[G] (see
[25]) and
IDerR[G] ⊆ LDerR[G] ⊆ DerR[G] and IDerRR[G] ⊆ LDerRR[G] ⊆ DerRR[G].
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Now as a light extension of [26, Theorem 2.1] we have.
Lemma 3. Let R be a ring and let G be a locally finite group. If each prime p ∈ pi(G) is invertible
in R, then all R-derivation of R[G] is locally inner.
Proof. The same as the proof of [26, Theorem 2.1]. We prove it here in order to have the paper
more self-contained. Assume that δ ∈ DerRR[G] and F is a finite subset of R[G]. Then there
exists a finite subgroup H of G such that F ⊆ R[H ]. Let
(5) xH =
1
|H|
∑
a∈H a
−1δ(a) ∈ R[H ].
If x := xH , then for any y ∈ F and a ∈ H holds
∂x(y) =
1
|H|
{
∑
a∈H a
−1δ(a)y −
∑
a∈H ya
−1δ(a)}
= 1
|H|
{
∑
a∈H a
−1δ(ay)−
∑
a∈H a
−1aδ(y)−
∑
a∈H ya
−1δ(a)}
= 1
|H|
{
∑
b∈H ya
−1δ(b)− |H|δ(y)−
∑
a∈H ya
−1δ(y)}
= −δ(y).
Hence δ|F = (∂−x)|F . 
Example. Let S(Q) := {f : Q → Q | f is bijective} be the group of all permutations of the
rational numbers field Q and sup f := {q ∈ Q | f(q) 6= q} a support of the element f ∈ S(Q).
The set FS(Q) := {f ∈ S(Q) | sup f ≤ ∞} is a subgroup of S(Q) and R[FS(Q)] is a group
ring over a commutative ring R. Let u =
∑
q∈Q f(q) ∈ (R[FS(Q)])
∗, where f(q) ∈ FS(Q) and
sup f(q) = {q − 1, q}. It follows the following two statements:
(i) [16, Example] the rule
δ : R[FS(Q)] ∋ x 7→ [x, u] ∈ R[FS(Q)]
determines a generalized inner derivation of R[FS(Q)], which is not inner;
(ii) δ is a locally inner derivation.
In fact, if δ is an inner derivation, then δ = ∂a for some a =
∑
g∈FS(Q) αgg ∈ R[FS(Q)]. Since this
sum is finite, there exist β, λ ∈ Q and f ∈ R[FS(Q)] such that
sup f = {β, λ} ⊆ ∪
q∈Q
sup f(q) and sup f ∪
(
∪
g∈supp a
sup g
)
= ∅,
where supp a is the support of a ∈ R[G]. It follows that ∂a(f) = 0 and δ(f) 6= 0, a contradiction.
Hence δ is not inner.
If F is a finite subset of R[FS(Q)], then F ⊆ R[H ] for a finite subgroup H of FS(Q). The set
suppH = ∪a∈H supp a is finite, so there exists b ∈ R[FS(Q)] such that
supp b ⊆ supp u∪ suppH
and δ|H = (∂b)|H . Consequently, δ is locally inner on F .
Notice that, if G is a non-abelian group, then gh− hg 6= 0 for g ∈ G, so IDerRR[G] is nonzero.
If H is a subgroup of G, then IR(H) is a right ideal of R[G] generated by the set {1− h | h ∈ H}.
If H is normal in G, then IR(H) is an ideal of R[G] and there exists some ring isomorphism
R[G]/IR(H) ∼= R[G/H ]
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[14, Proposition 1, p. 17]. Therefore, we have a Lie ring isomorphism
Der(R[G]/IR(H)) ∼= DerR[G/H ].
Let δ ∈ DerR. An ideal I of R is called a δ-ideal of R if δ(a) ∈ I for all a ∈ I. If δ(a) ∈ I for any
δ ∈ DerR, then I is called a (DerR)-ideal.
Lemma 4. Let R be a ring and let G be a group. If H is a subgroup of G such that each prime
p ∈ pi(H) is invertible in R, then the following conditions hold:
(i) if δ ∈ DerR[G] and H is finite, then δ(H) = ∂x(H) for some x ∈ R[G];
(ii) if H is a normal torsion subgroup of G, then IR(H) is a δ-ideal for any δ ∈ DerRR[G].
Proof. (i) In fact, from proof of Lemma 3 it holds that x := xH is of the form (5).
(ii) If h ∈ t(H), then δ(h) = ∂x(h) for some x =
∑
t∈G αtt ∈ Z(R)[G] and
δ(rg(h− 1)) = rδ(g)(h− 1) + rgδ(h) (r ∈ R, g ∈ G, h ∈ H).
Moreover, rgδ(h) =
∑
t∈G rαtg(th− ht) =
∑
t∈G rαtgt(1− h
−1t−1ht) ∈ IR(H). It follows that
δ(rg(h− 1)) ∈ IR(H) and IR(H) is a δ-ideal. 
If R is a differentially simple ring (i.e., R2 6= 0 and R has no proper (DerR)-ideals) with a
minimal two-sided ideal, then (see [13, Main Theorem]) the ring R is simple or there exist n ∈ N
and a simple ring S of characteristic p > 0 such that R = S[G], where G is a direct sum of n copies
of a cyclic group of order p. Therefore, Lemma 4(ii) is not true in the modular case.
Corollary 2. Let R be a ring. If G is a finite group such that each prime p ∈ pi(G) is invertible
in R, then every R-derivation of R[G] is inner.
Proof. Let H be a finite subgroup of G, b ∈ H and δ ∈ DerRR[G]. It is easy to see that
δ(b) = −∂x(b) by Lemma 3, where x is the same as in Eq. (5). 
This corollary earlier was proved for a finite group G and the following rings R:
• R is a semiprime ring with some restrictions (see [21, Theorem 1.1]);
• R is a field of characteristic zero (see [26, Corollary 2.2]);
• R is the integer numbers ring (see [45, Theorem 1]);
• R is commutative with some restrictions (see [16, Corollary], [19, p. 490] and [20, p. 76]).
Example. Let R be a commutative ring, G a torsion abelian group and δ ∈ DerR[G].
(a) If R is n-torsion-free and exp(G) = n ∈ N (respectively R+ is torsion-free), then DerRR[G] =
0 in view of Proposition 1(iii).
(b) If R is a domain of characteristic 0 which fraction field Q(R) is an algebraic extension of the
rational numbers field Q, then DerRR[G] = 0.
Indeed, Q(R)[G] is an algebraic extension over Q(R) (see e.g. [41, Theorem 28.1]) and we
conclude that for every element g ∈ G there exists its minimal polynomial
mg = X
n + a1X
n−1 + · · ·+ an−1X + an ∈ Q(R)[X ].
Then bmg ∈ R[X ] for some 0 6= b ∈ R. If δ ∈ DerRR[G], then
0 = δ(0) = δ(bmg(g)) = b(ng
n−1 + (n− 1)a1g
n−2 + · · ·+ an−1)δ(g)
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what forces that δ(g) = 0.
(c) If R is a domain of characteristic p > 0, R = {xp | x ∈ R} and p /∈ pi(G), then DerR[G] = 0.
Clearly, for every r ∈ R there exists x ∈ R such that r = xp and then δ(r) = pxp−1δ(x) = 0.
Moreover, δ(G) = 0 by Eqs. (4) and the assertion follows.
Proof of Theorem 1. Let G = D·F be a Chernikov group, where D is a normal, countable, divisible
abelian group and F is a finite group. Obviously, D has an ascending series {Dn}n∈N of finite G-
normal subgroups, such that D =
⋃∞
n=1Dn. Let δ ∈ DerRR[G]. There exist elements x1 := xD1
and xn := xDn of the form (5) (see Lemma 3) such that
δ(D1) = ∂−x1(D1) and δ(Dn) = ∂−xn(Dn).
Evidently, ∂−xs(Ds) = δ(Ds) = ∂−xn(Ds) for all s ≤ n ∈ Z, so xs − xn ∈ CR[G](Ds), in which
CR[G](Ds) is the centralizer of Ds in R[G]. Then we have the following descending chain
CR[G](D1) ≥ · · · ≥ CR[G](Ds) ≥ · · · .
Since R[D] is a subgroup of finite index in the additive group of R[G] and R[D] ⊆ CR[G](Ds), there
exists m ∈ N such that
CR[G](Dm) = CR[G](Dm+1) = · · · .
It follows that xq − xm ∈ CR[G](Dm) for all q ≥ m. Hence δ|D = (∂xm)|D is inner. Moreover, DmF
is finite and δ|DmF = (∂a)|DmF for some a ∈ R[G]. However xm − a ∈ CR[G](Dm) and so ∂xm = ∂a
on D. Consequently, δ = ∂a. 
4. Inner R-derivations of R[G]
If R is commutative, then IDerR[G] = IDerRR[G]. Additionally, if G is an abelian group, then
IDerRR[G] = 0. Clearly, the center Z(B) of B is an ideal of the Lie ring B
L.
Lemma 5. Let R be a ring and let G be a group. There exists a Lie ring isomorphism
(Z(R)[G])L/Z(Z(R)[G]) ∼= IDerRR[G].
Proof. The rule ϕ : (Z(R)[G])L ∋ α 7→ ∂α ∈ IDerRR[G] satisfies
ϕ([α, β]) = ∂[α,β] = [∂α, ∂β] = [ϕ(α), ϕ(β)]
i.e., ϕ is a Lie homomorphism. Finally, ϕ(α) = 0 iff ∂α = 0 iff α ∈ Z(Z(R)[G]). 
Corollary 3. Let R be a ring and let G be a group. The ring IDerRR[G] is an abelian Lie ring if
and only if the derived subgroup G′ is central.
Proof. Since [∂x, ∂y] = ∂[x,y] for any x, y ∈ R[G], we conclude that [∂x, ∂y] = 0 iff [x, y] ∈ Z(R[G])
what implies that G′ ⊆ Z(G). 
Since no each derivation ofR[G] is inner in the case of a locally finite groupG (see [16, Example]),
we obtain the next.
Lemma 6. Let R be a ring, let G be a locally finite group such that each p ∈ pi(G) is invertible in
R and δ ∈ DerRR[G]. If the set δ(G) is finite, then δ ∈ IDerRR[G].
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Proof. The set Q := {g ∈ G | δ(g) = 0} is a subgroup of G because
0 = δ(1) = δ(hh−1) = δ(h)h−1 + hδ(h−1) = hδ(h−1),
so δ(h−1) = 0 and δ(gh−1) = δ(g)h−1 + gδ(h−1) = 0 for any g, h ∈ Q. Clearly, δ(G) = {δ(gi) | i =
1, . . . , n} and the subgroup H = 〈g1, . . . , gn〉 ⊆ G is finite (where n = |δ(G)|), so we conclude that
δ|H = (∂x)|H for some x ∈ Z(R)[G] by Lemma 4(i). 
Lemma 7. Let R be a ring and let G be a group such that each prime p ∈ pi(G) is invertible in
R. If δ ∈ DerR[G] and g ∈ τG, then the following conditions hold:
(i) [16, Lemma 1] if t ∈ G and δ(g) =
∑
h∈G αg,hh ∈ R[G], then gt = tg implies that αg,t = 0;
(ii) if G is torsion, then δ(Z(G)) = 0 for any δ ∈ DerR[G].
Proof. (i) If n = |g|, then
0 = δ(1) = δ(gn) =
∑
i+j=n−1
giδ(g)gj = δ(gn) =
=
∑
i+j=n−1
gi(
∑
h∈G
αg,hh)g
j =
∑
h∈G, i+j=n−1
αg,hg
ihgj
=
∑
i+j=n−1
αg,hg
itgj +
∑
h∈G\{t}, i+j=n−1
αg,hg
ihgj
= nαg,tt +
∑
h∈G\{t}, i+j=n−1
αg,hg
ihgj
what gives that αg,t = 0. The part (ii) it holds from (i). 
We obtain the next generalization of [21, Theorem 1.1].
Corollary 4. Let R be a ring, G a torsion FC-group such that each p ∈ pi(G) is invertible in R
and δ ∈ DerRR[G]. The following conditions hold:
(i) δ is inner if and only if the set δ(G) is finite;
(ii) if G is centre-by-finite, then every R-derivation of R[G] is inner.
Proof. Let δ ∈ DerRR[G].
(i) (⇐) It follows by Lemma 6.
(⇒) If δ is inner, then there exists x ∈ Z(R)[G] such that δ = ∂x. Since the index |G : CG(x)|
is finite, the image ∂x(G) is finite.
(ii) In as much as |G : Z(G)| < ∞, we deduce that δ(G) is finite in view of Lemma 7(ii). The
rest holds from the part (i). 
Proof of the Theorem 3. Let G be an infinite group with an ascending series of its subgroups
H ≤ 〈H, x1〉 ≤ · · · ≤ 〈H, x1, . . . , xn〉 ≤ · · ·
such that G =
⋃∞
n=1〈H, x1, . . . , xn〉. There exist x, yn ∈ R[G] by Lemma 4(i), such that
δ|H = (∂x)|H and δ|〈H,x1,...,xn〉 = (∂yn)|〈H,x1,...,xn〉.
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Then yn− x ∈ CR[G](H) and so there exists n0 ∈ N such that ym = yn0 for all m ≥ n0. This yields
that δ = ∂ym . 
Proof of the Theorem 4. The group ring R[G] is prime and every its non-trivial idempotent is
non-central.
(i) Let G be non-abelian. The equation (2) and [36, Corollary 6] imply that either [G,L] = 0 or
[U(R),M ] = 0, where L is some non-central Lie ideal and M is some non-central ideal of R, which
is impossible by [12, Lemma 2].
(ii) The group V (R[G]) is central by [36, Corollary 6] and [12, Lemma 2] and so δ(τG) = 0 for
δ ∈ DerR[G] by Lemma 7. 
5. Nilpotency and solvability of derivation rings
A group G is called p-abelian (p > 0) if its commutator subgroup G′ is a finite p-group. A ring
R is called Lie hypercentral, if for each sequence x, x1, . . . , xn, . . . ∈ R, there exists m ∈ N such
that [x, x1, . . . , xm] = 0. Analogously we can defined the notion of a hypercentral Lie ring.
Proposition 3. Let R be a ring and let G be a group. The following conditions hold:
(i) if IDerRR[G] is a nilpotent (respectively solvable) Lie ring, then the unit group U(Z(R)[G])
(and consequently G) is a nilpotent (respectively solvable) group;
(ii) if R is a division ring of characteristic p ≥ 0, then:
(a) the Lie ring IDerRR[G] is nilpotent if and only if G is p-abelian and nilpotent;
(b) for p 6= 2, IDerRR[G] is solvable if and only if G is p-abelian;
(c) for p = 2, IDerRR[G] is solvable if and only if G has a 2-abelian subgroup of index at
most 2;
(iii) the Lie ring IDerRR[G] is hypercentral if and only if one of the following conditions holds:
(d) G is abelian;
(e) R is of characteristic pm and G is a nilpotent p-abelian group.
Proof. (i) Assume that IDerRR[G] is nilpotent (respectively solvable). The Lie ring (Z(R)[G])
L is
nilpotent (respectively solvable) by Lemma 5. Then there exists n ∈ N such that
γnG ≤ γnU(Z(R)[G]) ≤ [Z(R)[G], . . . , Z(R)[G]︸ ︷︷ ︸
n times
] + 1 = 1
by [23, Theorem A] (respectively
G(n) − 1 ≤ U(Z(R)[G])(n) − 1 ≤ ((Z(R)[G])L)(n) = 0
in view of [46, Lemma 1.2]).
(ii) (⇒) If IDerRR[G] is nilpotent (respectively solvable), then (Z(R)[G])
L is nilpotent (respec-
tively solvable) by Lemma 5. The rest follows from [40, Theorem].
(⇐) In as much as Z(R)[G] is Lie nilpotent (respectively Lie solvable) by [40, Theorem], we
deduce that IDerRR[G] is nilpotent (respectively solvable) by Lemma 5.
(iii) If follows in view of [15, Theorem] and Lemma 5. 
Lemma 8. Let P be an ideal in a ring B. The following conditions hold:
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(i) if δ(P ) ⊆ P for some δ ∈ DerB, then
δ : B/P ∋ a+ P 7→ δ(a) + P ∈ B/P
is a derivation of the quotient ring B/P ;
(ii) if A is a nilpotent (respectively solvable) subring of DerB and δ(P ) ⊆ P for any δ ∈ A,
then A := {δ | δ ∈ A} is a nilpotent (respectively solvable) subring of Der(B/P ).
Proof. Evidently. 
Lemma 9. Let B be a ring. The following conditions hold:
(i) if δ ∈ Z(DerB), then δ(R) ⊆ Z(B);
(ii) if δ ∈ Z(DerB), then δ(Z(B)) ⊆ annD := {r ∈ B | r(DerB) = 0};
(iii) if B is commutative and δ ∈ Z(DerB), then:
(a) if δ is surjective as a map, then B2 = 0;
(b) if annB = 0, then δ = 0;
(iv) if IDerB is Lie nilpotent (or equivalently B is Lie nilpotent), then C(B) ⊆ P(B);
(v) if IDerB is Lie solvable (or equivalently B is Lie solvable), then [B(n), B] ⊆ P(B) for some
integer n ≥ 0;
(vi) if B is semiprime with the solvable (in particular, nilpotent) Lie ring IDerB, then B is
commutative.
Proof. Assume that δ ∈ Z(DerB).
(i) In fact, ∂xδ(y) = δ∂x(y) for any x, y ∈ B and so [x, δ(y)] = [δ(x), y] + [x, δ(y)] what gives
that [δ(x), y] = 0.
(ii) If a ∈ Z(B) and d ∈ DerB, then ad ∈ DerB. Since
(6) (ad)δ = δ(ad) = δ(a)d+ a(δd),
we deduce that δ(a)d = 0.
(iii) It holds from the part (ii).
(iv) Let P be a prime ideal of B. Since IDer(B/P ) is nilpotent, B1 := B/P is Lie nilpotent.
Clearly, B1[[B1, B1], B1]B1 is a nilpotent ideal of B1 by [28] (this is also was proved in [4, Lemma 2.2]
and [47, Corollary 2.4]). It is easy to see that annB1 = 0, so [B1, B1] ⊆ Z(B1). The commutator
ideal C(B1) is nil by [11, Lemma 1.7]. Consequently, B1 has a nilpotent ideal contained in C(B1)
and so C(B1) = 0. This means that B/P is commutative and thus C(B) ⊆ P(R).
(v) If IDerB is solvable of length n, then BL is solvable of length ≤ n+1. Let P be a prime ideal
of B. Obviously, (B/P )(n) is a commutative Lie ideal of the prime ring B/P . If charB/P 6= 2,
then (B/P )(n) ⊆ Z(B/P ) by [12, Lemma 2].
Now let charB/P = 2. If Z(B/P ) = 0, then (B/P )(n) is nil of the index 2 by [37, Lemma 2]
and so (B/P )(n) = 0 by [37, Lemma 1]. Hence B(n) ⊆ P . Therefore, we assume that Z(B/P ) 6= 0.
Consequently, (B/P )Z(B/P )−1 is simple 4-dimensional over its center by [37, Theorem 4], in
which (B/P )Z(B/P )−1 is the localization of B/P at Z(B/P ), and so (B/P )(n) is central by [37,
Lemma 6].
In both cases [B(n), B] ⊆ P , so [B(n), B] ⊆ P(B).
(vi) It holds in view of the part (v). 
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Proof of the Theorem 5. Let D := DerB.
(i) Assume that D is nilpotent. The ring B is commutative by Lemma 9(iv) and δ(B)2 = 0 for
any δ ∈ Z(D) by Lemma 9(ii) and δ(B) = 0 in view of the semiprimeness of B and Lemma 9(ii).
This means that δ = 0 and thus D = 0.
(ii) Now assume that the Lie ring D is solvable. The ring B is a commutative by Lemma 9(iv)
and consequently D is a left B-algebra. Assume that the algebra D is nonzero, A is the last
nonzero member of its derived chain, d, δ ∈ A and b ∈ B. In as much as A is abelian and bd ∈ A,
Eqs. (6) imply that δ(b)d = 0. This yields that (δ(B)B)2 = 0. The semiprimeness of B implies
δ(B) = 0, a contradiction. 
Proof of the Theorem 6. If every prime p ∈ pi(G) is invertible in F, then F[G] is a semiprime ring
(see [18]). The rest holds from Theorem 5 and Proposition 3. 
We need the next
Lemma 10. [1, Lemma 1] Let B be a ring and let x, y ∈ B. If [[x, y], x] = 0, then
[xk, y] = kxk−1[x, y] (k ∈ N).
A group G is called n-divisible (n ∈ N) if, for each g ∈ G, there exists h ∈ G such that g = hn.
Proposition 4. Let R be a ring and let G be a torsion group such that each p ∈ pi(G) is invertible
in R (respectively nR = 0 and G a n-divisible group for some n ∈ N). If G is an Engel set in
R[G], i.e. for each g, h ∈ G there exists m = m(g, h) ∈ N such that [g,m h] = 0, then G is abelian
and DerRR[G] = 0.
Proof. Let g, h ∈ G. Since G is an Engel set, there exists m ∈ N such that [g,m h] := [a, h, h] = 0,
where a :=
{
[g,m−2 h] if m ≥ 3;
g if m = 2.
Now, if each p ∈ pi(G) is invertible in R, then
0 = [h|h|, a] = |h|h|h|−1[h, a]
(see Lemma 10). If nR = 0 and G is a n-divisible group, then [hn, a] = n
(
hn−1[h, a]
)
= 0 (see
Lemma 10). Thus [g, a] = 0 in both cases, so [g, h] = 0 by induction. Consequently, G is abelian
and DerRR[G] = 0 in view of Theorem 2. 
6. Case of nilpotent groups
Each nilpotent group G of class m has a central series
1 = Z0 < Z1 < · · · < Zm−1 < Zm = G
in which Z(G/Zi−1) = Zi/Zi−1 for all i = 1, . . . , m.
Lemma 11. Let R be a ring such that nR = 0 for some n ∈ N, G a divisible torsion-free nilpotent
group of the nilpotent length m and δ ∈ DerR[G]. Then IR(Zk) is a δ-ideal for each k = 1, . . . , m.
Proof. Each subgroup Zk is divisible and normal in G. Moreover, δ(Z1) ⊆ Z(R[G]). Now we have
δ(rg(z − 1)) = δ(r)g(h− 1) + rδ(g)(h− 1) + rgδ(h) and δ(hn) = nhn−1δ(h) = 0
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for any r ∈ R, g ∈ G and z ∈ Z1. We deduce that δ(IR(Z1)) ⊆ IR(Z1). There is a Lie ring
isomorphism
DerR[G/Z1] ∋ δϕ 7→ δ ∈ DerR[G]/IR(Z1)
such that
δ : R[G]/IR(Z1) ∋ a+ IR(Z1) 7→ δ(a) + IR(Z1) ∈ R[G]/IR(Z1).
In as much as
δϕ(IR(Z2/Z1)) ⊆ IR(Z2/Z1)
and we have the following ring isomorphisms
R[G/Z1]/IR(Z2/Z1) ∼= R[(G/Z1)/(Z2/Z1)] ∼= R[G/Z2] ∼= R[G]/IR(Z2),
we conclude that δ(IR(Z2)) ⊆ IR(Z2). Thus the assertion follows by induction. 
Proposition 5. Let R[G] be the group ring of a nilpotent group G of class cl(G) = m ≥ 2 over a
ring R. If G is torsion and pi(G) ∩ pi(F (R)) = ∅ (respectively G is torsion-free and nR = 0 for
some n ∈ N), then each IR(Zi) is a δ-ideal (i ≥ 1) and
δ1δ2 · · · δm−1(R[G]) ⊆ IR(Z1) (δ, δ1, . . . , δm−1 ∈ DerRR[G]).
Moreover, if G is a torsion abelian group and pi(G) ∩ pi(F (R)) = ∅ (respectively G is an abelian
torsion-free group and nR = 0 for some n ∈ N), then DerRR[G] = 0.
Proof. Assume also that δ ∈ DerRR[G], r ∈ R, g ∈ G, a ∈ Z1 and δ(g) =
∑
f∈G xff ∈ Z(R)[G].
Obviously, δ(Z1) ⊆ δ(Z(R[G])) ⊆ Z(R[G]) and Lδ : Z1 → R
+ is a group homomorphism by
Lemma 1(iii). Therefore, a−1δ(an) = δ(1) = 0 if a is of order n (respectively nLδ(a) = 0) and
thus δ(a) = 0 in view of Eqs. (3). So, we obtain that δ(Z1) = 0. The ideal IR(Z1) is a δ-ideal by
Lemma 4. This implies that IR(Z1) is a δ-ideal and so
δ : R[G]/IR(Z1) ∋ a + IR(Z1) 7→ δ(a) + IR(Z1) ∈ R[G]/IR(Z1)
is a derivation of the quotient ring R[G]/IR(Z1). A ring isomorphism ϕ : R[G]/IR(Z1)→ R[G/Z1]
induces a Lie ring isomorphism
Der(R[G]/IR(Z1) ∋ δ 7→ δϕ ∈ DerR[G/Z1]
such that δϕ(Z2) = 0, where Z2 := Z2/Z1, what forces that δ(Z2) ⊆ IR(Z1). By induction, we
deduce that δ(Zi) ⊆ IR(Zi−1) and so
[Zi, G] ⊆ IR(Zi−1) (i = 2, . . . , m).
Moreover, each IR(Zi) is a δ-ideal by Lemma 4.
Now, since DerRR[G/Zm−1] = 0, we conclude that δ(R[G]) ⊆ IR(Zm−1) ⊆ R[Zm−1]. By
induction, we obtain that δ(R[Zi]) ⊆ IR(Zi−1) for any i = 2, . . . , m and the result follows. 
Proof of Theorem 7. Let R be a ring, G = {xn | n ∈ Z} a countable torsion-free abelian group.
Let α =
∑
n∈Z anxn ∈ R[G], z =
∑
n∈Z znxn ∈ Z(R[G]), δ ∈ DerR[G], x ∈ G and r ∈ R. Clearly,
Z(R[G]) = Z(R)[G]. Since xr = rx,
δ(x)r + xδ(r) = δ(r)x+ rδ(x)
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and δ(x)r = rδ(x). Hence δ(x) ∈ Z(R[G]) = Z(R)[G]. In addition,
0 = δ(1) = δ(xx−1) = δ(x)x−1 + xδ(x−1)
and so δ(x−1) = −x−1δ(x)x−1 = −x−2δ(x). Thus δ(α) =
∑
n∈Z δ(an)xn +
∑
n∈Z anδ(xn).
If a, b ∈ R ⊂ R[G], then δ(a), δ(b) ∈ R[G], so we can write
δ(a) =
∑
n∈Z
Dn(a)xn and δ(b) =
∑
n∈Z
Dn(b)xn, (Dn(a), Dn(b) ∈ R)
in which almost all coefficients Dn(a) and Dn(b) are zero. Now∑
n∈Z
(Dn(a) +Dn(b))xn = δ(a) + δ(b) = δ(a+ b) =
∑
n∈Z
Dn(a+ b)xn
implies that Dn(a+ b) = Dn(a) +Dn(b),∑
n∈Z
Dn(ab)xn = δ(ab) = δ(a)b+ aδ(b) =
= (
∑
n∈Z
Dn(a)xn)b+ a(
∑
n∈Z
Dn(b)xn) =
=
∑
n∈Z
(Dn(a)b+ aDn(b))xn
implies that Dn(ab) = Dn(a)b+ aDn(b).
Thus Dn ∈ DerR for any n ∈ Z and we have the following Lie ring isomorphism
DerR[G] ∋ δ 7→ ({Dn}n∈Z, {δ(xn)}n∈Z) ∈ LF (R)⊕ (Z(R[G]))
Z.
Consequently, DerRR[G] ∼= (Z(R)[G])
Z. Finally, ∂α(x) = 0 and so IDerRR[G] = 0, i.e., each
nonzero R-derivation of R[G] is outer. 
For example, if Q+ is the additive group of the rational numbers field Q, then DerRR[Q
+] = 0.
Corollary 5. Let R be a ring. If G is a countable abelian group such that each prime p ∈ pi(G) is
invertible in R, then DerRR[G] = 0 or each nonzero R-derivation of R[G] is inner.
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